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A REMARK ON OBSERVABILITY OF THE WAVE EQUATION
WITH MOVING BOUNDARY
KAI¨S AMMARI, AHMED BCHATNIA, AND KARIM EL MUFTI
Abstract. We deal with the wave equation with assigned moving bound-
ary (0 < x < a(t)) upon which Dirichlet or mixed boundary conditions are
specified, here a(t) is assumed to move slower than the light and periodically.
Moreover a is continuous, piecewise linear with two independent parameters.
Our major concern will be an observation problem which is based measuring,
at each t > 0 of the transverse velocity at a(t). The key to the results is the
use of a reduction theorem [8].
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1. Introduction and main results
We consider the following problems:
(1.1)
{
utt − uxx = 0 for 0 < x < a(t), t > 0,
u(x, 0) = φ(x), ut(x, 0) = ψ(x), 0 < x < a(0),
(φ, ψ) ∈ H1((0, a(0)))× L2((0, a(0))), with Dirichlet boundary conditions
(1.2) u(0, t) = 0 and u(a(t), t) = 0, t > 0,
or with mixed boundary conditions for which (1.2) is replaced by
(1.3) u(0, t) = 0 and ux(a(t), t) = 0, t > 0,
the subscripts denote partial differentiations, here a is a strictly positive real func-
tion which is continuous, periodic, piecewise linear.
Our major concern will be to find the associated curves a(t) for which,
(1.4)
∫ T
0
|ux(a(t), t)|
2
dt ≥ C∗
(
‖φ‖2H10 (0,a(0))
+ ‖ψ‖2L2(0,a(0))
)
,
for (1.1)-(1.2) and
(1.5)
∫ T
0
|ut(a(t), t)|
2
dt ≥ C∗
(
‖φ‖2H1
l
(0,a(0)) + ‖ψ‖
2
L2(0,a(0))
)
,
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for (1.1)-(1.3) are valid, whereH1l (0, a(0)) =
{
f ∈ H1(0, a(0)) such that f(0) = 0
}
.
Note that if a is a constant, the observability inequality
(1.6)∫ T
0
|ux(a, t)|
2 dt ≥ C∗
(
‖φ‖2H10 (0,a)
+ ‖ψ‖2L2(0,a)
)
for some positive constant C∗,
holds if T ≥ 2a for the Dirichlet problem. Also,
(1.7)
∫ T
0
|ut(a, t)|
2 dt ≥ C∗
(
‖φ‖2H1
l
(0,a) + ‖ψ‖
2
L2(0,a)
)
,
holds for the mixed problem.
In [2] the author consider the system

ϕtt − ϕxx = 0 for 0 < x < 1, t > 0,
ϕ(0, t) = ϕ(1, t) = 0, t > 0,
ϕ(x, 0) = φ(x), ϕt(x, 0) = ψ(x), 0 < x < 1.
For a suitable class of curves a(t), which are a : [0, T ]→ (0, L) in the class C1([0, T ])
piecewise, i.e. there exists a partition of [0, T ], 0 = t0 < t1 < · · · < tn = T, such
that a ∈ C1([ti, ti+1]) for all i = 0, · · · , n − 1. Assume also that this partition can
be chosen in such a way that 1 − |a′(t)| does not change the sign in t ∈ [ti, ti+1],
for all i = 0, 1, · · · , n− 1. Also he makes the following hypothesis:
(1) There exists constants c1, c2 > 0 and a finite number of open subintervals
Ij ⊂ [0, T ] with j = 0, · · · , J such that, for each subinterval Ij , a ∈ C
1(Ij)
and it satisfies the following two conditions :
• c1 ≤ |a
′(t)| ≤ c2 for all t ∈ Ij ,
• 1− |a′(t)| does not change the sign in t ∈ Ij .
We assume, without loss of generality, that there exists j1 with −1 ≤ j1 ≤ J
such that a(t) is decreasing in Ij for 0 ≤ j ≤ j1, and a(t) is increasing in
Ij for j1 < j ≤ J.
The case j1 = −1 corresponds to that where a(t) is increasing in all the
subintervals Ij . Analogously, j1 = J corresponds to the case where a(t) is
decreasing in all the subintervals Ij .
(2) For each j = 0, · · · , J , let Uj be the subintervals defined as follows:
Uj =
{
{s− a(s) with s ∈ Ij} if j ≤ j1
{s+ a(s) with s ∈ Ij} if j > j1.
Then, there exists an interval W1 with length (W1) > 2L such that
W1 ⊂
J
∪
j=0
Uj .
(3) For each j = 0, · · · , J , let Vj be the subintervals defined as follows:
Vj =
{
{s+ a(s) with s ∈ Ij} if j ≤ j1
{s− a(s) with s ∈ Ij} if j > j1.
He gets the following observability estimate:
(1.8)
∫ T
0
∣∣∣∣ ddt [ϕ(a(t), t)]
∣∣∣∣
2
dt ≥ C∗
(
‖φ‖2H10 (0,1)
+ ‖ψ‖2L2(0,1)
)
,
where T is given by an optical geometric condition requiring that any ray, starting
anywhere in the domain and with any initial direction, must meet the dissipation
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zone before the time T . Also, he gives several examples of curves for exact control-
lability related to the following system:

utt − uxx = f(t)δa(t) for 0 < x < 1, t > 0,
u(0, t) = u(1, t) = 0, t > 0,
u(x, 0) = φ(x), ut(x, 0) = ψ(x), 0 < x < 1,
via (1.8).
Here we introduce a new approach that provides (1.4) and (1.5) for another class of
curves a(t) with less of regularity. We start with some notations and known results.
Let Lip(R) be the space of Lipschitz continuous functions on R. We shall denote
the Lipschitz constant of a function F by
L(F ) := sup
x,y∈R,x 6=y
∣∣∣∣F (x)− F (y)x− y
∣∣∣∣ .
Furthermore, denote by Dp the set of functions continuous and strictly increasing
of the form x+ g(x), where g(x) is a periodic continuous function.
Proposition 1.1. Let a be a periodic function. Then
(1.9) F := (I + a) ◦ (I − a)−1
belongs to Dp. Moreover, the rotation number ρ(F ) defined by
ρ(F ) = lim
n→∞
Fn(x)− x
n
exists, and the limit is equal for all x ∈ R.
Rigorous studies pointing out the use of rotation numbers has led to fruitful con-
tributions, one of which is an elegant and important result (see [5, section II] for
more details):
Assume that a(t) is a periodic function, a(t) > 0, a ∈ Lip(R) such that L(a) ∈ [0, 1).
Assume also that |a′(t)| < 1 for all t ∈ R and ρ(F ) ∈ R \Q such that there exists
a function H ∈ Dp and
(1.10) H−1 ◦ F ◦H(ξ) = ξ + ρ(F ).
Before stating our main results, let us specify some hypotheses on H .
Assumption 1.2. There exist λ1 > 0 and λ2 > 0 such that
(1.11) λ1 ≤ H
′(t) ≤ λ2, t ∈ R.
Assumption 1.3. The function b(t) :=
H ′(a(t) + t)−H ′(−a(t) + t)
H ′(a(t) + t) +H ′(−a(t) + t)
satisfies
(1.12) c1 ≤ b(t) ≤ c2, c1, c2 > 0, for all t ∈ R.
Remark 1.4. We make less assumptions and get on the occasion a larger class of
functions a(t) in connexion with the work of Castro [2].
We give an example where assumptions 1.2 and 1.3 are guaranteed as in [3].
Let a be continuous and periodic on R, a > 0, be such that
a(t) :=
{
αt+ α(1−α)(1+β)2(α−β) if
α(1+β)
2(α−β) ≤ t ≤
α(1+β)−2β
2(α−β) ,
βt− β + α(1−β
2)
2(α−β) if
α(1+β)−2β
2(α−β) ≤ t ≤
α(3+β)−2β
2(α−β) ,
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with α, β ∈ (−1, 1). Let l1 :=
1+α
1−α , l2 :=
1+β
1−β . The definition of a is choosen such
that F is directly given on [0, 1) and we extend F through the formula: F (x+1) =
F (x) + 1 for any x ∈ R. The function F is defined by :
F (x) := (I + a) ◦ (I − a)−1(x) =
{
l1x+ F0 if 0 ≤ x ≤ x0
l2x+ F0 + 1− l2 if x0 < x < 1,
with F0 :=
l2(l1−1)
l1−l2
, x0 :=
1−l2
l1−l2
. Also the rotation number is given by the expres-
sion:
(1.13) ρ(F ) =
ln l1
ln
(
l1
l2
) ,
and the function H given by (1.10) is done by
H(x) = h0 ln (|x+ h1|) + h2,
where h0 =
1
ln
(
l1
l2
) , h1 = l2l1−l2 and h2 = − ln (|h1|) , and satisfies the following
inequalities: if l1 > l2,
(1.14)
1
ln( l1l2 )
l1 − l2
l1
≤ H ′(x) ≤
1
ln( l1l2 )
l1 − l2
l2
,
and if l1 < l2,
(1.15)
1
ln( l1l2 )
l1 − l2
l2
≤ H ′(x) ≤
1
ln( l1l2 )
l1 − l2
l1
·
The function b which is 1-periodic is defined on [0, 1) by
b(t) = −
a(t)
t+ l2l1−l2
·
Assuming that l1 < l2, this function satisfies for all t ∈ R
(1.16)
amin(l2 − l1)
l2
≤
a(t)(l2 − l1)
l2
≤ b(t) ≤
a(t)(l2 − l1)
l1
≤
amax(l2 − l1)
l1
.
On the existence of solutions to the Dirichlet or the mixed problem, we refer the
reader to [4]. We have the following proposition:
Proposition 1.5. If a ∈ Lip(R), L(a) ∈ [0, 1), a > 0 and
(ϕ0, ϕ1) ∈ H
1
0 ((0, a(0)))× L
2((0, a(0))), or in H1l ((0, a(0)))× L
2((0, a(0))),
denote by Q := (0, a(t)) ×R+ and Qτ := (0, a(t))× (0, τ), τ ∈ R+. There exists a
unique weak solution1u of either the Dirichlet or the mixed problem satisfying the
initial conditions u(x, 0) = φ(x), ut(x, 0) = ψ(x) 0 < x < a(0). Moreover there
exists f ∈ H1loc(R) ∩ L
∞(R) such that
(1.17) u(x, t) = f(t+ x)− f(t− x) a.e. in Q,
and u ∈ L∞(Q) ∩H1(Qτ ).
Our main results are stated as follows:
Theorem 1.6 (Neumann observability). Under the assumption 1.2, there exist
T,C∗ > 0 such that for all u solution of the system (1.1) with the Dirichlet boundary
condition (1.2) and initial data (φ, ψ) ∈ H10 (0, a(0))× L
2(0, a(0)), we have
(1.18)
∫ T
0
| ux(a(t), t)|
2
dt ≥ C∗
(
‖φ‖2H10 (0,a(0))
+ ‖ψ‖2L2(0,a(0))
)
.
1u ∈ H1(Qτ ) is called a weak solution of either the Dirichlet or the mixed problem if utt−uxx =
0 in D′(Q) and the boundary conditions are satisfied.
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Remark 1.7. We give a similiar result in the appendix, which concern the Dirichlet
observability.
The exact controllability problem for the system
(1.19)


utt − uxx = 0 for 0 < x < a(t), t > 0,
u(0, t) = 0 and u(a(t), t) = r(t), t > 0,
u(x, 0) = φ(x), ut(x, 0) = ψ(x) 0 < x < a(0)
at time T is the following: for each (φ, ψ) ∈ L2(0, a(0)) × H−1(0, a(0)), find
r ∈ L2(0, T ) such that the corresponding solution to (1.19) satisfies u(., T ) =
0, ut(., T ) = 0 in (0, a(T )).
Based on the observability estimate mentioned above, we get:
Corollary 1.8. Assume that l1 > l2, then there exist T > 0 and r ∈ L
2(0, T ) such
that the system (1.19) is exactly controllable at time T .
The paper is organized as follows: In section 2 we prove our main results and in
the last section we give further comments on the quasi periodic case.
2. Proof of the main results
We shall construct a transformation of the time-dependent domain [0, a(t)] × R
onto [0, ρ(F )/2]×R that preserves the D’Alembertian form of the wave equations.
This preserving property will reveal very important. Using H given by (1.10), we
define a domain transformation Φ : R2 → R2 as follows:
(2.20)
{
ξ = (H(x+ t)−H(−x+ t))/2,
τ = (H(x+ t) +H(−x+ t))/2,
for (x, t) ∈ R2.
Remark 2.1. The following propositions can essentially be found in [7] (see also
the references therein), we reproduce them here for the reader’s convenience and
because our presentation is synthetic.
Proposition 2.2. The transformation Φ is a bijection of [0, a(t)]×R to [0, ρ(F )/2]×
R and Φ maps the boundaries x = 0 and x = a(t) onto the boundaries ξ = 0 and
ξ = ρ(F )/2 (resp).
Proposition 2.3. Let u(x, t) satisfying (∂2t − ∂
2
x)u(x, t) = 0 and V (ξ, τ) defined by
u(Φ−1(ξ, τ)). Then the following identity holds
(∂2t − ∂
2
x)u(x, t) = K(ξ, τ)(∂
2
τ − ∂
2
ξ )V (ξ, τ)
where K(ξ, τ) is defined by
4H ′ ◦H−1(ξ + τ)H ′ ◦H−1(−ξ + τ) ◦H−1(ξ + τ).
The next lemma will be very useful for the proof of our main results.
Lemma 2.4. Denote by
Eu(t) =
1
2
∫ a(t)
0
[
|ut(x, t)|
2
+ |ux(x, t)|
2
]
dx
the energy of the field u, and
EV (τ) =
∫ ρ(F )/2
0
(
|Vξ(ξ, τ)|
2 + |Vτ (ξ, τ)|
2
)
dξ,
the energy of the field V . There are two positive constants C1 and C2 such that
(2.21) C1EV (τ) ≤ Eu(t) ≤ C2EV (τ).
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Proof. We calculate,
∂tu = ∂ξV ∂tξ + ∂τV ∂tτ and ∂xu = ∂ξV ∂xξ + ∂τV ∂xτ
and so,
Eu(t) =
1
2
∫ a(t)
0
[
|ut(x, t)|
2
+ |ux(x, t)|
2
]
dx =
1
2
∫ a(t)
0
{
[Vξξt + Vτ τt]
2 + |Vξξx + Vττx|
2
}
dx.
Make use of:
ξx = (∂xξ) = (∂tτ) = τt = [H
′(x+ t) +H ′(−x+ t)]/2,
ξt = (∂tξ) = (∂xτ) = τx = [H
′(x+ t)−H ′(−x+ t)]/2.
Hence,
ξ2t + ξ
2
x = τ
2
t + τ
2
x =
1
2
[
|H ′(x+ t)|
2
+ |H ′(−x+ t)|
2
]
,
ξtτt = ξxτx =
1
4
[(H ′(x+ t))2 − (H ′(−x+ t))2].
Back to the energy,
Eu(t) =
∫ a(t)
0
1
4
[
|Vξ|
2
+ |Vτ |
2
] [
|H ′(x+ t)|
2
+ |H ′(−x+ t)|
2
]
dx
+
∫ a(t)
0
1
2
[VξVτ ]
[
|H ′(x+ t)|
2
− |H ′(−x+ t)|
2
]
dx.
Also, differentiating x = (H−1(ξ + τ) −H−1(−ξ + τ))/2, we obtain
dx = 1/2((H−1)′(ξ + τ) + (H−1)′(−ξ + τ))dξ.
The inequality |VξVτ | ≤ 1/2
(
V 2ξ + V
2
τ
)
yields to:
(2.22) C1EV (τ) ≤ Eu(t) ≤ C2EV (τ),
for positive constants C1, C2. 
Remark 2.5. Applying the transformation Φ, the system (1.1)-(1.2) becomes:
(2.23)


∂2τV − ∂
2
ξV = 0, for 0 < ξ < ρ(F )/2, τ ∈ R,
V (0, τ) = 0, V (ρ(F )/2, τ) = 0, τ ∈ R,
V (ξ, 0) = φ1(ξ), Vτ (ξ, 0) = ψ1(ξ), ξ ∈ (0, ρ(F )/2).
We need the following Lemma.
Lemma 2.6. If T > ρ(F ), there exists C(T ) > 0 such that for all (φ1, ψ1) ∈
H10 (0, ρ(F )/2)× L
2(0, ρ(F )/2) we have
C(T )
∫ T
0
|Vξ(ρ(F )/2, τ)|
2dτ ≥ ‖φ1‖
2
H10(0,ρ(F )/2)
+ ‖ψ1‖
2
L2(0,ρ(F )/2).
Proof of Theorem 1.6. We consider (1.1)-(1.2) and state:
∂xu = ∂ξV ∂xξ + ∂τV ∂xτ
Next we have:
∂xu(a(t), t) = ∂ξV (ρ(F )/2, τ)∂xξ(a(t), t) + ∂τV (ρ(F )/2, τ)∂xτ(a(t), t)
Since
∂xξ = [H
′(x+ t) +H ′(−x+ t)]/2 and ∂xτ = [H
′(x+ t)−H ′(−x+ t)]/2,
it follows that:
|∂xu(a(t), t)|
2 = |∂ξV (ρ(F )/2, τ)∂xξ(a(t), t) + ∂τV (ρ(F )/2, τ)∂xτ(a(t), t)|
2
=
1
4
{|∂ξV (ρ(F )/2, τ)[H
′(x + t) +H ′(−x+ t)]}
2
.
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Make use of Young inequalities, (1.18) is a consequence of the inequalities (1.15)
and (1.14), Lemma 2.4 and Lemma 2.6. 
Proof of Corollary 1.8. Let us consider
(2.24)


∂2τV − ∂
2
ξV = 0, for 0 < ξ < ρ(F )/2, τ ∈ R,
V (0, τ) = 0, V (ρ(F )/2, τ) = 0, τ ∈ R,
V (ξ, 0) = V0(ξ), Vτ (ξ, 0) = V1(ξ), ξ ∈ (0, ρ(F )/2).
The system (2.24) is exactly observable at time ρ(F ) that is: there exists C > 0
such that for all τ ≥ ρ(F ), we have
C(T )
∫ T
0
|Vξ(ρ(F )/2, τ)|
2dτ ≥ ‖φ1‖
2
H10(0,ρ(F )/2)
+ ‖ψ1‖
2
L2(0,ρ(F )/2),
and so the following problem
(2.25)


∂2τ V˜ − ∂
2
ξ V˜ = 0, 0 < ξ < ρ(F )/2, τ ∈ R,
V˜ (0, τ) = 0, V˜ (ρ(F )/2, τ) = g(τ), τ ∈ R,
V˜ (ξ, 0) = V˜0(ξ), V˜τ (ξ, 0) = V˜1(ξ), ξ ∈ (0, ρ(F )/2)
is exactly controllable at ρ(F ) that is for all (V˜0, V˜1) ∈ L
2(0, ρ(F )/2)×H−1(0, ρ(F )/2),
there exists g ∈ L2(0, ρ(F )) such that V˜ (ξ, τ) = 0 for all τ ≥ ρ(F ).
Moreover, g := Vξ(ρ(F )/2, τ)χ(0,ρ(F ))(τ).
So the following transformed system

∂2t u− ∂
2
xu = 0, 0 < x < a(t), t ∈ R,
u(0, t) = 0, u(a(t), t) = f(t), t ∈ R,
u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ (0, a(0))
is exactly controllable with a time of control T := |e
ρ(F )−h2
h0 − h1| and a control f(t)
is given by f(t) = g
(
H(a(t)+t)+H(−a(t)+t)
2
)
. 
3. Further comments: The quasi periodic case
One can try to generalize the previous results to the case when a is no longer
periodic but has some sort of quasiperiodicity 2.
The problem is much more complicated, since there is no rotation number. However,
in [7] the author uses a weaker notion of upper (resp. lower) rotation number of F
at every point x as follows:
ρ(F ) = lim sup
n→+∞
Fn(x) − x
n
(resp. ρ(F ) = lim inf
n→+∞
Fn(x)− x
n
).
As a consequence, it is shown that under the same Diophantine condition [1], [6]
satisfied by ρ(F ) (resp. ρ(F )), the rotation number of F exists and coincides with
the lower (resp. upper) rotation number.
Lemma 3.1. Assume that a(t) is an η−q.p function, aˆ(θ) is real analytic and
satisfy |aˆ′(θ)| < 1 for η, θ ∈ R
m
and set β = (
2pi
η1
, ...,
2pi
ηm
). Assume also that there
exists C0 > 0 depending on β such that |(k, β) + pil/ρ(F )| >
C0
|k|m+1
. Then, there
2A function a(t), t ∈ R is called quasiperiodic with basic frequencies ω = (ω1, ..., ωm) ∈ R
m
(briefly 2pi/ω−q.p) if there exists a continuous function gˆ(θ), θ = (θ1, ..., θm) ∈ R
m
that is 2pi-
periodic in each θi, i = 1, ...,m such that a(t) = aˆ(ωt) holds. gˆ(θ), is called the corresponding
function and
2pi
ω
= (
2pi
ω1
, ...,
2pi
ωm
) the basic periods of a.
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exists a real analytic function H(ξ) = ξ + h(ξ), where h(ξ) is an η-q.p. function,
such that
(3.26) H−1 ◦ F ◦H(ξ) = ξ + ρ(F ).
Remark 3.2. Thanks to Lemma 3.1, Theorem 1.6 is easily extended by similar
arguments.
Remark 3.3. Generalizations of the foregoing results may be obtained in a 3D
context, assuming that solutions and given data are functions of only r = (x2 +
y2 + z2)1/2 with respect to the space variables. Let Ω be the domain 0 < r < a(t)
and consider,
(3.27)
{
utt − urr − (2/r)ur = 0 in Ω, t > 0,
with boundary conditions u(0, t) = u(a(t), t) = 0, t > 0,
and initial conditions u(r, 0) = φ(r), ut(r, 0) = ψ(r), 0 < r < a(0).
Introducing the transformation u(r, t) = w(r, t)/r leads to the problem:
(3.28)


wtt = wrr 0 < r < a(t), t > 0,
w(0, t) = w(a(t), t) = 0, t > 0,
w(r, 0) = rφ(r), wt(r, 0) = rψ(r), 0 < r < a(0).
4. Appendix
In this section, we treat the Dirichlet observability.
Theorem 4.1 (Dirichlet observability). Under the assumptions 1.2 and 1.3, sup-
pose moreover that l1 < l2, there exist T, C
∗ > 0 such that for all solution
u of the system (1.1) with the mixed boundary condition (1.3) and initial data
(φ, ψ) ∈ H1l (0, a(0))× L
2(0, a(0)), we have
(4.29)
∫ T
0
|ut(a(t), t)|
2
dt ≥ C∗
(
‖φ‖2H1
l
(0,a(0)) + ‖ψ‖
2
L2(0,a(0))
)
.
Remark 4.2. Using Φ given by (2.20), we transform the system (1.1)-(1.3) into:
(4.30)


∂2τV − ∂
2
ξV = 0, for 0 < ξ < ρ(F )/2, τ ∈ R,
V (0, τ) = 0, Vξ(ρ(F )/2, τ) + b(t(τ))Vτ (ρ(F )/2, τ) = 0, τ ∈ R
V (ξ, 0) = φ2(ξ), Vτ (ξ, 0) = ψ2(ξ), ξ ∈ (0, ω/2).
For the proof of Theorem 4.1, we need the following lemmas.
Lemma 4.3. Assume that l1 < l2, then there exist positive constants C and ω such
that
(4.31) EV (τ) ≤ Ce
−ωτEV (0).
Proof. Define the Lyapunov function:
E1(τ) =
1
2
∫ ρ(F )
0
[V 2ξ (ξ, τ) + V
2
τ (ξ, τ)]dξ + δ
∫ ρ(F )
0
ξVξ(ξ, τ)Vτ (ξ, τ)dξ.
We obtain for δ < 1ρ(F ) ,
(4.32) 0 < (1 − δρ(F ))EV (τ) ≤ E1(τ) ≤ (1 + δρ(F ))EV (τ).
We derive E1 with respect to τ , we get
E′1(τ) = [VξVτ ]
ξ=ρ(F )
ξ=0 −
δ
2
∫ ρ(F )
0
[V 2ξ (ξ, τ) + V
2
τ (ξ, τ)]dξ +
δ
2
[ξ(V 2ξ + V
2
τ )]
ξ=ρ(F )
ξ=0
= [
δ
2
(1 + b(t(τ))2)− b(t(τ))]V 2τ (ρ(F ), τ) −
δ
2
∫ ρ(F )
0
[V 2ξ (ξ, τ) + V
2
τ (ξ, τ)]dξ.
We choose δ small enough, taking into account (1.16) and (4.32) we get
E′1(τ) ≤ −ωE1(τ).
The proof is complete. 
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Lemma 4.4. If T > ρ(F ), then there exists C(T ) > 0 such that for all (φ2, ψ2) ∈
H1l (0, ρ(F )/2)× L
2(0, ρ(F )/2) we have
(4.33) C(T )
∫ T
0
|Vξ(ρ(F )/2, τ)|
2 dτ ≥ ‖φ2‖
2
H1
l
(0,ρ(F )/2) + ‖ψ2‖
2
L2(0,ρ(F )/2),
and
(4.34) C(T )
∫ T
0
|Vτ (ρ(F )/2, τ)|
2
dτ ≥ ‖φ2‖
2
H1
l
(0,ρ(F )/2) + ‖ψ2‖
2
L2(0,ρ(F )/2).
Proof. The energy identity for the system (4.30) gives :
EV (T )− EV (0) = −
∫ T
o
b(t(τ))|Vτ (ρ(F )/2, τ)|
2dτ.
Using (1.16) and (4.31), we obtain∫ T
0
|Vτ (ρ(F )/2, τ)|
2 dτ ≥ C
∫ T
0
b(t(τ)) |Vτ (ρ(F )/2, τ)|
2 dτ
≥ C(EV (0)− EV (T ))
≥ CEV (0)(1− e
−ωT ).
This permit to conclude the second inequality in Lemma 4.4.
For the first inequality, it suffices to use (4.30) and (1.16). 
Proof of Theorem 4.1. For the proof of (4.29), we state as above:
∂tu = ∂ξV ∂tξ + ∂τV ∂tτ.
Next we have:
|∂tu(a(t), t)|
2 =
1
4
{|∂ξV (ρ(F )/2, τ)[H
′(x+ t)−H ′(−x+ t)]
+ ∂τV (ρ(F )/2, τ)[H
′(x+ t) +H ′(−x+ t)]}2.
Make use of Young inequalities, Lemma 2.4, (4.33), (4.34) and (1.15), we obtain
the desired result. 
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